Quantum hamiltonian reduction of affine superalgebras is studied in the twisted case. The Ramond sector of "minimal" superconformal Walgebras is described in detail, the determinant formula is obtained. The paper generalizes the results of Kac and Wakimoto to the twisted case.
Introduction
Quantum hamiltonian reduction applied to affine superalgebras leads to superconformal W-algebras, the infinite dimensional algebras with relations that are polynomial in the generators. From the physical point of view the quantum hamiltonian reduction is a procedure of BRST quantization of WZWN models with constraints. Then the W-algebra is a symmetry algebra of the constrained models.
The quantum reduction associates to every 1 2 Z gradation on a Lie superalgebra g with a non-zero even invariant supersymmetric bilinear form a BRST complex, the homology of which is the W-algebra. Non-equivalent gradations on the same Lie superalgebra lead to different W-algebras. Typical
The paper is organized as follows. In Section 2 we introduce the framework: define gradations on Lie superalgebras, "good" gradations, minimal gradations. In Section 3 we collect all the necessary information on the main ingredients of the construction: affine vertex algebra, superghost system, neutral free superfermion system. Special attention is devoted to the twisted case. We recall the main points of the general quantum reduction procedure in Section 4. The modifications due to twisted case are explained. In Section 5 we concentrate on the representation theory of "minimal" Walgebras: the determinant formula is derived for the Ramond sector representations. For convenience the determinant formulae are collected in Appendix B. Appendix A fixes the normal ordered product conventions. Section 6 contains the discussion of results and their comparison to the results of [KW2] .
When we finished the derivation of the results of the present paper, a work by Kac and Wakimoto [KW2] appeared on the net. They consider the same subject and obtain essentially the same results as in our paper. However, since there is a conceptual difference in some technical details (see Section 6) and in the presentation style, we decided to publish our paper.
The highest root of a Lie superalgebra is conventionally normalized by (θ|θ) = 2 in the current paper. "N" is used for positive integers, "Z + " -for non-negative integers.
Gradation on a Lie superalgebra
We start from a simple finite dimensional Lie superalgebra g with a non-degenerate even supersymmetric invariant bilinear form (.|.). The gradation of g is the linear space decomposition
The gradation is called to be generated by an element x ∈ g, if the subspaces g j are eigenspaces of ad x with eigenvalue j: [x, u] = j u for u ∈ g j . Fix an even element x ∈ g, such that it generates a gradation in g with half-integer eigenvalues: g = j∈ 1 2 Z g j . Denote
An even element f ∈ g −1 is called good if its centralizer g f = {u ∈ g | [f, u] = 0} lies in g ≤ (g f ⊂ g ≤ ). A gradation is called good if it is generated by an even element x ∈ g 0 with half-integer eigenvalues and admits a good element f ∈ g −1 .
Typical examples of good gradations are the gradations associated to the sl(2) embeddings in the Lie superalgebra. They are called Dynkin gradations and generated by an element of sl(2) triple. The even elements f, x, e ∈ g form sl(2) triple, if they satisfy the commutation relations:
3)
It is known from the sl(2) representation theory that the gradation generated by x is a good gradation. There are many good non-Dynkin gradations. Good gradations of simple Lie algebras are classified in [EK] .
If one chooses x ∈ h, where h is the Cartan subalgebra of g, then the root elements of g have a well defined grading. The gradation (2.1) generates the root system decomposition: ∆ = j∈ 1 2 Z ∆ j , where
(2.4)
Define ∆ > to be a set of roots corresponding to g > :
In this paper we focus on the so called minimal gradations [KRW] . Minimal gradation is a Dynkin gradation by ad x g = g −1 ⊕ g −1/2 ⊕ g 0 ⊕ g 1/2 ⊕ g 1 , (2.6) such that g −1 and g 1 are even one-dimensional spaces, i.e. g −1 = Cf and g 1 = Ce, and x = [e, f ]. Minimal gradations are obtained in the Lie algebra case by choosing sl(2) embedding corresponding to the highest root θ: e = u θ , f = u −θ , where u θ is the highest root element of g. In the Lie superalgebra case the construction is the same, θ is chosen to be the highest root of one of the simple subalgebras of the even part of g.
Next we want to define the affine vertex algebra V k (g) associated to the Lie superalgebra g. In order to proceed with a BRST quantization we should also introduce two sets of ghost fields: the superghost system and the superfermion system.
Ingredients
In this section we introduce the main ingredients of the construction: affine vertex algebra, superghost system, neutral superfermion system.
Affine vertex algebra
Let g be a simple finite dimensional Lie superalgebra with an even nondegenerate supersymmetric invariant bilinear form (.|.). One associates a current u(z) to every u ∈ g. The collection of fields {u(z)} u∈g together with a level k ∈ C satisfying the following operator product expansions
is called the universal affine vertex algebra V k (g). Fix a triangular decomposition g = n − ⊕ h ⊕ n + . The Weyl vector ρ is defined with respect to a corresponding set of positive roots:
where α i are simple roots of g. The Weyl vector can be computed as
where the sum is over the set of positive roots ∆ + and p(α) = 0 (respectively 1) for α even (respectively odd). The dual Coxeter number h ∨ is defined as one half of the eigenvalue of the Casimir operator in the adjoint representation. It can be calculated as
where θ is the highest root. Let {u i } and {u i } be a pair of dual bases of g, i.e. (u i |u j ) = δ j i . The energymomentum field for the affine vertex algebra V k (g) is given by the Sugawara construction:
The central charge of the Virasoro algebra generated by L g is
The currents u(z) are primary of conformal dimension 1 with respect to L g (z). The mode expansion of the affine currents is
where ǫ(u) ∈ R/Z is called the twisting of the field u. The operator product expansion (3.1) leads to the commutation relations for the modes:
The choice of ǫ(u) should be consistent with the structure of g:
In particular ǫ(u) = 0, ∀u ∈ g (untwisted case) is always allowed. In this paper we will deal only with the case ǫ(h) = 0 for all h ∈ h. (Although the case ǫ(h) = 1/2 for some h ∈ h is not forbidden.) In this case all root elements u α , α ∈ ∆ have a well defined twisting. Then there is a rank g continuous parameter family of twistings, defined as following: (3.10) and the twistings for the basis elements corresponding to the non-simple roots are defined by (3.9).
In the untwisted case (ǫ(u) = 0, ∀u ∈ g) the modes m and n in the commutation relation (3.8) are integer. Then one recognizes that it is the defining Lie bracket of affine superalgebra g, the Kac-Moody affinization of g. The affine superalgebra g is defined as an infinite dimensional Lie superalgebra g = g[t,
where u, v ∈ g, m, n ∈ Z. Denoting u n ≡ ut n and choosing K = k I we return to the commutation relation (3.8). D acts on g as a minus zero mode of the Sugawara energy-momentum field: D ∼ −L g 0 . The universal affine vertex algebra V k (g) written in terms of field modes can be understood as a generalization of the affine algebra g to the case of arbitrary twisting. We will denote it by g and call it a twisted loop algebra. In many cases the twisted loop algebra g is isomorphic to the untwisted one g. In the case (3.10) the isomorphism g → g is given by u α,n → u α,n+ǫ(u) , h(α) n → h(α) n + k ǫ(u α ) δ n,0 , n ∈ Z, h(α) ∈ h is the Cartan element associated to the root α.
There are different choices of triangular decomposition of g. We choose a natural generalization of the triangular decomposition in the untwisted case 2 :
(3.12)
2 Another choice is implemented in [KW2] In the case ǫ(h) = 0 the set of positive roots ∆ + of g is a disjoint union of (3.13) where the multiplicity of the last set is r = rank g. There are r + 1 simple roots. The supersymmetric invariant bilinear form of g is extended to g in the standard way:
(3.14)
The Weyl vector ρ is defined by the set of r + 1 equations:
The Weyl vector ρ is not any more equal to (ρ, h ∨ , 0) in the twisted case.
Conjecture. Let g be a twisted loop algebra with ǫ(h) = 0. Then the Weyl vector ρ defined by (3.15) is given by ρ = ( ρ, h ∨ , 0), where
is a "twisted rho", ǫ α ≡ ǫ(u α ).
We will prove this conjecture in a special case only in Section 5.3. A highest weight vector λ of weight λ = (λ, k, 0) is annihilated by n + and it is an eigenvector of the generators of the Cartan subalgebra h:
We would like to calculate the eigenvalue of L g 0 on the highest weight vector λ . We do it in the case ǫ(h) = 0. In this case ǫ(u α ) + ǫ(u −α ) ∈ Z. We will denote
In the Cartan-Weyl basis the energy-momentum field is written as
Using the formula (A.5) one can express the energy-momentum zero mode as
where ǫ α , α ∈ ∆ + are assumed to be in the range 0 ≤ ǫ α < 1 and ρ is a twisted "rho" defined in (3.16).
Next we would like to generalize the determinant formula to the twisted case. In the untwisted case the determinant formula for the contravariant form on the weight space with weight λ − η of a Verma module R λ with highest weight λ is given by (see [K2, KW1] ) 22) where P (τ ) is the number of partitions of τ to the sum of positive roots, dim g α is the dimension of the root space g α associated to the root α, and q( α, n) = (−1) p( α)(n+1) . The above formula (3.22) is valid also in the twisted case, one has just to use the twisted set of positive roots and the twisted ρ, defined by (3.15).
When g is a Lie superalgebra there are odd roots which lead to a cancellation of some factors. If γ is an odd isotropic ((γ|γ) = 0) root then the correspondent factor does not depend on n, and one can evaluate the product on n explicitly. If β is odd, but not isotropic it is a half of an even root, and then some factors corresponding to β and to 2β cancel each other. As a result one expresses the determinant formula (3.22) in the more explicit way (see [KW1] ):
( β| β) α is not an odd root; β runs on odd positive roots, such that 2 β is an even root; γ runs on odd positive roots, such that 2 γ is not a root (then ( γ| γ) = 0); P γ is a number of partitions not involving γ.
Superghost system
Let A be a finite dimensional vector superspace. (In application to the quantum reduction A = g > with flipped parity.) Let A ch = A ⊕ A * , define an even skewsupersymmetric non-degenerate bilinear form < . , . > ch on A ch by
for a ∈ A, b * ∈ A * . We introduce a system of local fields {c(z), b(z)} (c ∈ A, b ∈ A * ), called a superghost 4 system, subject to the following operator product expansion:
The vertex algebra of superghost fields is denoted by
. Then the superghost system decouples to a set of mutually commuting ghost pairs:
A family of energy-momentum fields parameterized by {∆(b j )} is defined by
The field L ch (z) generates the Virasoro algebra with central charge
The superghost system is called ǫ-twisted if its fields have the following mode expansions:
The operator product expansion (3.26) can be written in terms of commutation relations for the modes:
We see from here, that ǫ(
We will choose ǫ(b i ) = −ǫ(c i ). A vacuum vector 0 ch is defined by the set of conditions:
The energy-momentum zero mode becomes
(3.32)
The first term only contributes to the vacuum energy, assuming ǫ is taken in the range 0 ≤ ǫ(c i ) < 1 (ǫ(c i ) = 0 corresponds to the untwisted case), i.e.
See also ref. [EFH] where the fermionic and bosonic ghost systems are also discussed in the case of twisted boundary conditions.
Neutral free superfermion system
Let A = A0 ⊕ A1 be a finite dimensional superspace with a nondegenerate skewsymmetric even bilinear form < . , . > ne , i.e. it is skew-symmetric on A0 and symmetric on A1 and <A0, A1> ne = 0. A set of fields {ψ(z)} ψ∈A is called a system of neutral free superfermions, if the fields satisfy the following operator product expansions:
The vertex algebra of neutral free superfermions is denoted by F (A ne ). In application to the quantum reduction A = g 1/2 and the bilinear form is defined by
where u, v ∈ g 1/2 and f ∈ g −1 is a good element. The energy-momentum field for the neutral free superfermion system is
where {ψ i } and {ψ i } are dual bases of A:
The central charge of the Virasoro algebra generated by L ne is
The neutral free superfermions are primary fields of conformal dimension 1/2 with respect to L ne . The superfermion fields have the following mode expansions:
Commutation relations derived from (3.34) read
(3.40)
The consistency condition on twistings is
The vacuum vector 0 ne is defined by the following conditions 5 :
If there are zero modes (it happens then ǫ(ψ) = 1/2 for some ψ ∈ A.) one has to specify their action on the vacuum vector in order to complete the definition. Next we would like to calculate the L ne 0 eigenvalue on the vacuum vector. Using formula (A.5) one gets the following expression for the energy-momentum zero mode:
(3.43)
5 A different set of annihilation operators is chosen in [KW2] .
to the eigenvalue, and the overall contribution is −1/16(−1) p(ψ i ) . Finally we have
where
In particular the L ne 0 vacuum eigenvalue is equal to zero then all the superfermions are untwisted, and equal to −1/16 sdimA then ǫ(ψ) = 1/2 for all ψ ∈ A.
Quantum reduction
The details of the construction can be found in [KRW, KW1] , we reproduce here only main points and results.
Homology complex
Let g be a simple Lie superalgebra with a good gradation on it, generated by an element x ∈ g, as described in Section 2. Then one introduces three types of vertex algebras: the affine vertex algebra V k (g) (Section 3.1), the superghost algebra F (A ch ) (Section 3.2), and the superfermion algebra F (A ne ) (Section 3.3).
If the Cartan subalgebra h is untwisted (this is always assumed in the current paper), then the root elements have a well defined twisting. If in addition one chooses x ∈ h, then the root elements have also a well defined grading by x, and it is convenient to use the Cartan-Weyl basis of g in the calculations.
Let ∆ + be the set of positive roots compatible with the chosen gradation, i.e. α(x) ≥ 0 if α ∈ ∆ + . Let ∆ j (respectively ∆ > ) be a set of roots corresponding to g j (respectively g > ) as defined in (2.4) and in (2.5).
The base space for the superghost algebra is the g > space with flipped parity. One introduces a b-c pair for each α ∈ ∆ > . The parity of the b-c pair is p(b α ) = p(u α ) + 1, i.e. it is odd, if u α is even, and even if u α is odd. The parameter ∆(b α ) = 1 − ∆(c α ) is chosen to be equal to the gradation: ∆(b α ) = j if u α ∈ g j . Then the central charge (3.28) of the superghost Virasoro algebra becomes
For any basis element u α , α ∈ ∆ 1/2 of g 1/2 one should also add a neutral superfermion with the same parity as u α . The bilinear form on g 1/2 is given by (3.35). Now we are ready to introduce an odd field d(z) in the vertex algebra C(g,
where p α = p(u α ) and f γ αβ are structure constants of g:
The normal ordering is not necessary since all the fields are commutative in the d(z) monomials.
The key feature of the field d(z) is that the singular part of its operator product expansion with itself vanishes:
The proof can be found in [KRW] (Theorem 2.1).
Define an operator d 0 on C(g, x, k) to be the first order pole in the operator product expansion of d(z) with a field from C:
One can deduce from the associativity condition of operator product expansions that d 0 is an odd derivation of an operator product expansion, i.e.
where [AB] (q) is a pole of order q in the operator product expansion of A with B:
In particular d 0 is an odd derivative with respect to the normal ordered product :φ 1 φ 2 : = [φ 1 φ 2 ] (0) . The following crucial feature of d 0 :
is an immediate consequence of (4.4) and (4.6).
Next one builds a homology complex (C(g, x, k), d 0 ) ("BRST cohomology" in physical literature) of vertex algebra C with respect to d 0 . The homology of the complex
is a vertex algebra, the quantum reduction of g with respect to x. It is denoted
. A charge can be assigned to the fields in C:
Then the vertex algebra C(g, x, k) has charge decomposition
The field d(z) has charge −1, hence d 0 lowers the charge by 1:
Twist gluing
We have three commuting vertex algebras: V k (g), F (A ch ) and F (A ne ). Each of them can be twisted in a self-consistent way as described in Section 3. However in the quantum reduction procedure these twistings should be related. The restrictions come from the demand that the field d(z) should be untwisted. Denote ǫ α = ǫ(u α ), where α is a positive root of g. Then (since we consider the case, when the Cartan subalgebra is untwisted) we choose ǫ(u −α ) = −ǫ α for α ∈ ∆ + . From the first term in d(z) (4.2) we see that ǫ(b α ) = −ǫ α and therefore (see section 3.2) ǫ(c α ) = ǫ α . Let e ∈ g be an element dual to f , then we obtain from the third term in (4.2), that the ghost field b associated to e is untwisted and therefore e and f themselves are also untwisted. From the last term one gets that ǫ(ψ α ) = ǫ α . Finally, we conclude that all the possible twistings are parameterized by r = rank g numbers ǫ α , α are the simple roots of g, modulo the condition that ǫ(e) = 0.
There are two cases of particular interest in physics: the Neveu-Schwarz (NS) sector and the Ramond sector. These sectors may be defined for a good gradation on any Lie superalgebra g. The NS sector is simply the untwisted case: ǫ(u) = 0, ∀ u ∈ g. The Ramond sector is defined by the following twistings:
(4.12)
Structure of the W-algebra
Here we reproduce the results of [KRW, KW1] on the structure of W k (g, x). The first fact is that the Virasoro algebra is always in W k (g, x). It is generated by the field L(z): 
The structure of the W-algebra W k (g, x) is described in the main theorem of [KW1] (Theorem 4.1). Let g f = {u ∈ g| [u, f ] = 0} be the centralizer of f in g. Denote 
is strongly generated by homology classes of fields J
where a i ∈ g f , i = 1, 2, . . . , dim g f is a basis of g f compatible with the gradation;
3. If a ∈ g −j then the field J {a} is of dimension 1 + j with respect to L(z) and J {a} is equal to J (a) plus a linear combination of normal ordered products of the fields J (b) , where b ∈ g −s , 0 ≤ s < j, the fields ψ α , α ∈ ∆ 1/2 and their derivatives.
The Virasoro field L(z) (4.13) is in the same homology class as J {f } (z), and since f ∈ g f the field L(z) is always part of the W-algebra W k (g, x). In the case of a good gradation g f ⊂ g ≤ , therefore the conformal dimensions of the generating fields are greater or equal to 1. This is in agreement with the result of [GS] , that dimension 1/2 fields can be factored out from a W-algebra.
Representation theory
In this section we are going to discuss highest weight representations of W-algebras W k (g, x) in a framework of quantum reduction. The discussion applies to a general twisted case.
A highest weight vector of the vertex algebra C(g,
The full highest weight module Q k (λ) is obtained by applying affine, superghost and superfermion creation operators to the highest weight vector. One introduces highest weight representations of W k (g, x) in the following way. First define the mode expansions of the generating fields: 18) where ∆(u) = 1 + j, if u ∈ g −j , is the conformal dimension of the field J {u} (z) with respect to the Virasoro field (4.13). The W-algebra highest weight vector is annihilated by positive modes of all the fields forming the W-algebra (W n , n > 0, W ∈ W k (g, x)). One should also treat the zero modes. First choose a set of mutually commuting (in strong or weak sense) zero modes which is called a set of Cartan generators. Two operators are called commutative in weak sense if their commutator is zero modulo terms which annihilate highest weight vectors. (An example of the W-algebra with Cartan generators commutative in weak sense is studied in [N] .) The highest weight vector is an eigenvector of the Cartan generators and it is labelled by the eigenvalues of the Cartan operators. Some of the non Cartan zero modes should also annihilate the highest weight vector.
One can check that the positive modes of the fields J {u} (z) annihilate the vector λ k defined in (4.17):
So this vector can be chosen as a highest weight vector of the W-algebra. It is easy to see that the highest weight vector is d 0 closed:
To get the W-algebra module M k (λ) one should take the d 0 homology of the C module:
The charge decomposition (4.11) is extended to the Q k (λ) module by a field-state correspondence (charge of the highest weight vector λ k is taken to be zero). Then again only the zero charge homology of the complex (Q k (λ), d 0 ) is nontrivial (see Theorem 6.2 of [KW1] ), and one has
Suppose there is a singular vector s in a highest weight module R λ of the twisted loop algebra g. Then the vector
is a singular vector in the C(g, x, k) algebra module Q k (λ). This vector is d 0 closed and is annihilated by positive modes of the W k (g, x) algebra generators, therefore (if it is not d 0 exact) the vector s k is also a singular vector in the W-algebra module M k (λ).
"Minimal" W-algebras

Structure
In the case of minimal gradation (see Section 2) g f can be easily described:
where g ♮ 0 = {u ∈ g 0 |(u|x) = 0} is a subspace of g 0 , orthogonal to x with respect to the even invariant bilinear form: g 0 = Cx ⊕ g ♮ 0 . Then the W k (g, x) algebra is generated by a Virasoro field, a number of dimension 3/2 fields and a number of dimension 1 fields. In the case of minimal gradation (x|x) = 1/2, so one can rewrite the formula for the central charge (4.14) in the simple form:
The dimension 1 fields are given by (Theorem 2.1 of [KW1] )
and the dimension 3/2 fields are given by
where ψ u means α a α ψ α if u = α a α u α . The explicit form of operator product expansions of the W-algebra, corresponding to the minimal gradation, is given in Theorem 5.1 of [KW1] . The dimension 1 fields form an affine vertex algebra Vk(g ♮ 0 ), where its levelk is different from k, the level of V k (g). The operator product expansion of J and G is:
The fusion rule for two dimension 3/2 fields: 6) and the explicit operator product expansion can be found in Theorem 5.1(e) of [KW1] . The algebras of "minimal" type were studied from different point of view in [FL1, FL2] . The classification of minimal gradations on simple Lie superalgebras (see tables in Proposition 4.1 of [KRW] ) gives also a classification of minimal W-algebras.
We have the following set of operators generating the W-algebra:
The Cartan subalgebra is a span of
where h ♮ is a subspace of h, orthogonal to x with respect to the bilinear form (.|.): h = Cx ⊕ h ♮ . The Cartan generators act diagonally on the other generators. One can introduce roots of the W-algebra. They consist of two components: the first is an eigenvalue of ad J {v} 0 , v ∈ h ♮ , the second is an eigenvalue of ad L 0 . Then the root system ∆ W of the minimal W-algebra W k (g, x) is a disjoint union of
where the multiplicity of the last set is r = rank g, and α ♮ is the orthogonal projection of α: α
(α|θ). There exists an anti-involution ω on a minimal W-algebra. It is defined as
(5.10)
The proof that it is indeed an anti-involution can be found in Section 6 of [KW1] .
Representation theory
A highest weight vector Λ, h is defined by
(5.11)
The zero modes which are not in the Cartan subalgebra (if there are such modes) should be treated separately. We want to split ∆ 0 and ∆ 1/2 to positive and negative parts. The splitting of ∆ 0 is naturally given by a set of positive roots of g:
(5.12)
We introduce 
(5.14)
If θ/2 ∈ ∆ and ǫ θ/2 = 1/2, then there is a fermionic operator G {u −θ/2 } 0 . It commutes with Cartan generators and therefore the highest weight vector Λ, h is its eigenvector:
The eigenvalue g(Λ, h) can be calculated from the G
In the quantum reduction procedure the highest weight vector Λ, h is given by 16) where Λ and h are functions of λ and k, which are calculated below. But first we should complete the definition of the superfermion vacuum 0 ne (see 3.42) by specifying the action of superfermion zero modes on it in agreement with the second line in (5.14).
From the last term in (5.4) and since the dual superfermion is ψ α = ψ θ−α we get that
It is easy to see that this is also sufficient condition for the second equation in (5.14). The fermion ψ θ/2 is self dual, so ψ
0 ne . Now we are ready to calculate the Λ(λ, k) and h(λ, k) dependence. From (4.13) we get
where (see (3.21), (3.33) and (3.45))
All ǫ α are assumed to be in the range 0 ≤ ǫ α < 1; Θ(x) is the step function:
To calculate Λ(v) we rewrite (5.3) for the case v ∈ h ♮ :
Then using the formula (A.5) and the definitions of 0 ch (3.31) and 0 ne (3.42)
where again 0 ≤ ǫ α < 1, and κ α is the eigenvalue of the ψ α,−1/2+ǫα ψ α 1/2−ǫα operator:
( 5.25) and λ ♮ is the projection of λ orthogonal to θ:
We are interested mainly in two twistings:
NS sector:
Ramond sector:
In the NS sector the modes of dimension-3/2 generators are in 1/2 + Z, the modes of other generators are integer. In the Ramond sector all the modes are integer. In these cases the λ, k dependence of weights Λ and h is easily expressed:
NS: 
We introduce a contravariant bilinear form B( a , b ) (with respect to the antiinvolution (5.10)) on the W-algebra Verma module M k (Λ, h) with highest weight vector Λ, h . Contravariance means that B(J a , b ) = B( a , ω(J) b ), for J ∈ W k (g, x) and a , b ∈ M k (Λ, h). The form is normalized by B( Λ, h , Λ, h ) = 1. The kernel of the contravariant form B is a maximal submodule of M k (Λ, h). In the next section we use this property to compute the determinant of this form.
Derivation of the determinant formula
We derive here the determinant formula for the "minimal" W-algebra W k (g, x), a quantum reduction of a Lie superalgebra g with respect to a minimal gradation on it. To avoid very long expressions in the derivation we will do the calculations for two most important cases: the NS (untwisted) sector (5.27) and the Ramond sector (5.28). The determinant formula in the untwisted case was obtained in [KW1] , we include its derivation here for completeness. For convenience the results are collected in Appendix B. The NS and Ramond sectors are special cases of the general twisting (see Section 4.2). The computations in the general twisted case (as anywhere in this paper the case ǫ(h) = 0 only is discussed) are similar to the ones presented in this section, and we also include in Appendix B.3 the determinant formula for the general twisting.
First we substitute ρ = ( ρ, h ∨ , 0) into the twisted loop algebra determinant formula (3.23), then the factors are
where α = (α, 0, m) belongs to the subset of ∆ + described after equation (3.23). If (α|α) = 0 then one formally takes n = 1. The "twisted rho" ρ is defined in (3.16). In the NS and Ramond cases it is equal to
(5.35)
In the untwisted case ρ = ρ in agreement with a well known fact that the Weyl vector of affine Lie superalgebra is equal to ρ = (ρ, h ∨ , 0). We will show now that the Weyl vector ρ = ( ρ, h ∨ , 0) of a twisted loop algebra in the Ramond sector satisfies the set of equations (3.15). The simple roots of g are α s = (α s , 0, 0),
where α s and β s are simple roots of g, such that (α s |θ) = 0 and (β s |θ) = 1/2. Compute the products of ρ = ( ρ, h ∨ , 0), where ρ = ρ 0 + 1 2 θ, with our simple roots: ( ρ| α s ) = (ρ 0 |α s ) = 1 2 (α s |α s ) since ρ 0 is the "rho" vector for the set of roots ∆
(h ∨ − 2)θ; and ( ρ| θ) = 1 is trivial.
When the factor ϕ α n,m (λ, k) vanishes there is a singular vector in the g module which appears first time on the weight space λ − η, where η = (nα, 0, nm). Then there is also a singular vector in the W k (g, x) module with weights (Λ(λ, k), h(λ, k)) appearing first time on the weight space Λ − nα ♮ , h + n m + 1 2 (α|θ) . Let us first discuss the case (α|θ) = 0, which happens when α ∈ ∆ 0 or α = 0. Then the factor is expressed as
Substituting λ ♮ by a shifted Λ using (5.24) one gets exactly the factor entering to the W-algebra determinant formula. The factor doesn't depend on h. The corresponding singular vector appears on the weight space (Λ − nα, h + nm).
Now we proceed to the case (α|θ) = 0. We would like to collect the factors which give rise to the W-algebra module singular vectors on the weight space (Λ−nα ♮ , h+nm). These are two factors ϕ
and ϕᾱ n,m+
, whereᾱ is a "mirror" of the root α:
The singular vector appears in the W-algebra module on the weight space (Λ−nα ♮ , h+ nm) when the following expression vanishes: W k (g, x) module, because the singular vector is in the same homology class as the highest weight vector of the module. The only vector in the weight subspace is u θ,−1 λ k . Act by d 0 on vector c θ,0 λ k : it is easy to check that
We see that u θ,−1 λ k is in the same homology class as λ k . We conclude that ϕ
is not a zero of the W-algebra determinant, and one should take m ∈ N in N θ n,m .
The same thing happens for α ∈ ∆ 1/2 in the Ramond sector: m runs on N in ϕ α n,m− 1 2
, and m ∈ Z + in ϕᾱ n,m+ 1 2 . Let us discuss the singular vector corresponding to ϕᾱ n, One also has to take into account the cancellation of some factors due to Lie superalgebra odd roots as it is explained in the end of Section 3.1.
Next one has to express N α n,m in terms of Λ and h. For that reason we rewrite (5.29) and (5.30) as
Ramond: 43) where in the Ramond sector formula we used the fact that sdim g 1/2 = 2h ∨ − 4 in the case of minimal gradation. Note that the part including the (λ|θ) term is the same as in (5.39). So one can rewrite the determinant factor as NS: 44) Ramond: 45) where α ∈ ∆ > , λ ♮ = Λ in the NS case and λ ♮ = Λ + ρ ♮ 1/2 in the Ramond case. So far we have got the factors of the W-algebra determinant formula. One can guess the degrees of the factors in the determinant: they are given by a partition function with respect to the W-algebra positive roots. The proof is the same as in the untwisted case in [KW1] (Theorem 7.2). Finally the determinant formulae are presented in Appendix B.
Discussion
We studied the quantum reduction of affine superalgebras in the twisted case. This is also a subject of paper [KW2] . The methods and the results obtained are essentially the same. However some details and the presentation are different. The main difference is in the choice of the triangular decomposition of the twisted loop algebra. (Compare (3.12) with (2.6-2.9) of [KW2] .) Also the different normal ordered product prescriptions are used (see Appendix A). We consider only the case when the Cartan subalgebra is untwisted (ǫ(h) = 0), the discussion in [KW2] applies to the more general twisting than one discussed here: the case ǫ(h) = 0 for some h ∈ h is also allowed.
We would like to show that our main result, the determinant for the Ramond sector of "minimal" W-algebras is the same as in [KW2] . Take the determinant formula of Kac and Wakimoto in [KW2] , Theorem 4.2. The Ramond sector corresponds to Example 4.1(b) in [KW2] . Using the values of s α from this Example one can evaluate the determinant factors (4.8-4.10) of [KW2] . Then it is easy to see that the first type factor (α(x) = 0) coincides with our first type factor (B.12) . The other two factors are different by an expression proportional to
where σ = 1, if θ/2 ∈ ∆ and σ = 0 otherwise, ρ 1/2 and ρ 0 are defined in (5.31) and (5.32) respectively. We prove here that R = 0 for any Lie superalgebra g. The proof is based on the fact that the square of the Weyl vector (ρ|ρ) does not depend on the choice of positive roots. We calculate it first for the original choice of positive roots
Now we define another set of positive roots∆ + by "flipping" the roots from ∆ − 1/2 to the opposite ones:
}. This set is "generated" by the element h 0 + t x, where h 0 ∈ h ♮ is the Cartan element used to split ∆ 0 and ∆ 1/2 to positive and negative parts (see (5.12)), and t is a sufficiently small positive number. Now the newρ is defined with respect to∆ + , and its square
One can check that R = (ρ|ρ) − (ρ|ρ). So we proved that R = 0 and therefore the determinant factors coincide. The only factor which is missing in our determinant formula comparing to the formula in [KW2] is ϕ 0 , which is present only if θ/2 ∈ ∆. This factor is a contribution of the G {u −θ/2 } 0 zero mode. But since (unlike [KW2] ) we let this operator act diagonally on the highest weight vector (see (5.15)), we do not have this factor.
The factor multiplicities are given by partition functions defined with respect to ∆ + W ,the set of positive roots of the minimal W-algebra. The degrees are the same in the present paper and in [KW2] . (Again up to a small difference in the case when there is a root θ/2: unlike our definition (B.17) , in [KW2] an odd root (0, 0) is included in the set of positive W-algebra roots.)
The normal ordered product is not associative in general, :(:AB:)C: = :A(:BC:):. However if the fields are free, i.e. the singular part of their mutual operator product expansions include the identity field only (e.g. superghosts and superfermions in this paper), then the normal ordered product is associative.
We introduce mode expansions of the fields :
ǫ(A) ∈ R can be any number consistent with the algebraic structure of the theory, p(A) and p(B) are the field parities: p(A) = 0 if A is even (bosonic) and p(A) = 1 if A is odd (fermionic). This formula is derived in Appendix E of [N] , it also follows from the twisted Borcheds identity. The formula is well known in the untwisted case (ǫ(A) = 0), in the twisted case there are additional terms (the first sum in (A.5)) coming from the singular part of the operator product expansion. We would like to stress that our definition of the normal ordered product is different from one convenient in the mathematical literature, which uses the separation of a field to "positive" and "negative" parts (see e.g. [K] for details):
Then in this formalism the normal ordered product
It is easy to show that in the untwisted case the two definitions coincide: The advantage of the point-splitting formalism is that expressions in terms of conformal fields (e.g. (3.5), (3.27) or (3.36)) do not change when one changes the boundary conditions.
B Determinant formulae for minimal W-algebras
In this Appendix we collect the determinant formulae for "minimal" W-algebras, i.e. obtained by quantum hamiltonian reduction from minimal gradation on simple Lie superalgebra. First we present the determinant formula in the untwisted case (NS sector), which was obtained by Kac and Wakimoto in [KW1] and is also derived in Section 5.3. The main result of the current paper is the determinant formula for the Ramond sector, in which modes of all the fields are integer. We also include the lengthy formula for the general twisted case.
We would like to remind to the reader some notation: h is an eigenvalue of the Virasoro field zero mode L 0 on the highest weight vector, Λ(v) is the eigenvalue of the dimension 1 fields J {v} 0 , v ∈ h ♮ . The number r = rank g. ρ 0 is the "rho" vector for ∆ + 0 :
The partition function P W ( τ ) is a number of partitions of τ to a sum of positive roots of the W-algebra, where as usual odd roots appear maximum one time in the sum. The function q(α, n) in the degrees is
i.e. it is equal to −1 if α is odd and n is even, and equal to 1 otherwise. The determinants are polynomials in Λ and h, so when q(α, n) = −1 it means that the corresponding factor cancels some other factor exactly as it happens in the twisted loop algebra determinant formula (3.23). Odd roots of a lie superalgebra are of two types: isotropic ((α|α) = 0) or a half of an even root. If the root α is isotropic, then the corresponding factor N α n,m does not depend on n and the product over n can be evaluated explicitly:
where α = (α, m) and P α W ( τ ) is the number of partitions of τ to the sum of the Walgebra positive roots not including the root α itself. If the root α is a half of an even root, then the factor N α n,m cancels one of the factors corresponding to the root 2α. For example, if there is a root θ/2 then one can express
where ǫ θ/2 = 0 in the NS case and ǫ θ/2 = 1/2 in the Ramond case, and
Taking into account all the above remarks we proceed to the determinant formulae.
B.1 NS sector
Z. The determinant det + Z + }, {(0, m)|m ∈ N}, (B.10) where the multiplicity of the last set is r = rank g.
B.2 Ramond sector
Let η = (η, s), η ∈ h ♮ * , s ∈ Z. The determinant det (B.17) where the multiplicity of the last set is r.
B.3 General twisted sector
Let η = (η, s), η ∈ h ♮ * , s ∈ R. The determinant det 
The twistings are assumed to be in the range 0 ≤ ǫ α < 1 for all α ∈ ∆ + , the numbers h ch and h ne are given in (5.20) and (5.21) respectively, λ ♮ in these formulas stands for λ ♮ = Λ + 1 2 α∈∆ 1/2 (−1) pα α(ǫ α + κ α ), (B.22) where κ α is defined in (5.25). 
